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Abstract

We consider a model in which business public services must be �nanced
with either a source-based tax on mobile capital, such as a property tax, or
a tax on production, such as an origin-based VAT and assess which of the
two tax instruments is more e¢ cient. In general, both a capital tax and a
production tax are ine¢ cient. However, the production tax is e¢ cient if the
production function belongs to the knife-edge case between log sub- and log
supermodularity with respect to capital and public services (e.g., a Cobb-
Douglas production function), while the capital tax results in underprovision
of public services in this case. Similarly, if the production function is log
submodular with respect to capital and public services (e.g., a CES produc-
tion function with an elasticity of substitution greater than 1), a production
tax is again less ine¢ cient than a capital tax, although both taxes result in
underprovision of the public service. Finally, if the production function is log
supermodular (e.g., a CES production function with an elasticity of substitu-
tion smaller than 1), a production tax results in overprovision of the public
service, while the e¤ects of a capital tax - and thus the relative e¢ ciency
properties of the two taxes - are theoretically ambiguous.

JEL-classi�cation: H41, H42, H21, H11.
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McKeehan, Matt Krzepkowski, David Wildasin, and John Wilson for their
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1 Introduction

In the United States, state and local taxes often take the form of property
taxes or corporate income taxes on business capital, which may distort a
wide variety of decisions, including those regarding capital accumulation and
allocation and the level of public services provided, as stressed in the tax
competition literature. In addition, at the state and local level in the United
States and at the provincial level in Canada, retail sales taxes often apply tax
to business inputs, even though in principle they are supposed to be limited
to �nal consumer goods. In light of this situation, several prominent public
�nance experts have argued that, in the absence of explicit bene�t taxes or
user charges, taxes on local production, such as an origin-based value added
tax (VAT), are an attractive option (Bird [1], Hines [9]). Such taxes serve
as a proxy for user charges �that is, they are relatively e¢ cient "bene�t-
related" taxes. In addition, McLure [18] notes that the growing importance
of electronic commerce implies that a destination-based VAT is increasingly
di¢ cult to administer, providing another argument for an origin-based VAT.
In this paper, we provide what we believe is the �rst attempt to systemat-

ically analyze the assertion that a production-based tax can be viewed as an
approximate bene�t tax, and is thus preferable to the often-used alternative
of a tax on capital. To be sure, there are many papers analyzing the e¢ ciency
of capital taxation when �rms receive a public service and jurisdictions com-
pete with each other for mobile capital. (See, e.g., Zodrow and Mieszkowski
(ZM) [32], Oates and Schwab [21], [22], Noiset [20], Sinn [24], Keen and
Marchand [11], Bayindir-Upmann [2], Richter [23], Matsumoto [14], [13],
and Dhillon, Wooders and Zissimos [4].) However, these papers focus on
the ine¢ ciency of capital taxation alone, and do not consider a tax on local
production, or compare such a production tax to a capital tax.
Our results provide some support for the idea that a production-based

tax may be viewed as a "bene�t-related" tax, although it does not in general
substitute perfectly for an explicit user charge. Our analysis reveals that
the log modularity properties of the production function play a major role
in determining the relative e¢ ciency properties of production-based taxes
and capital taxes, an issue that has thus far not been examined in models
of interjurisdictional tax competition. In particular, in the special case of
a production function that is log modular in capital and the public service
(e.g., a Cobb-Douglas production function), a production tax is e¤ectively a
bene�t tax, and is thus analogous to a user charge for public services that
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ensures an e¢ cient level of public service provision. In the same vein, if the
production function is log submodular in capital and the public service (e.g.,
a CES production function with an elasticity of substitution greater than 1),
a production tax will be ine¢ cient and lead to underprovision of the public
service, but it will result in less underprovision and thus be less ine¢ cient
than a capital tax. However, although we can show that the production tax
leads to overprovision of public services in the case of a log supermodular
production function (e.g., a CES production function with an elasticity of
substitution smaller than 1), the ambiguity of the e¤ect of a capital tax on
public services in this case implies that a comparison of the relative e¢ ciency
properties of the two taxes is impossible without further restrictions on the
production technology. In a companion paper (Gugl and Zodrow [7]), we
provide a wide variety of simulations using the CES production function and
�nd that e¢ ciency gains in the instances in which capital taxes are more
e¢ cient are modest.
There is also a vast literature analyzing the e¢ ciency of destination-based

vs. origin-based value-added taxes (VATs). In a closed economy, there is no
di¤erence between a uniform tax on all consumption and a similar tax on
production. In contrast, as economies become increasingly more open, the
distinction between a tax on local production and a tax on local consumption
becomes important in terms of e¢ ciency (Mintz and Tulkens [19], Kanbur
and Keen [10], Lockwood [12], Hau�er and P�üger [8]). In tax competition
models in which �rms are perfectly competitive, a tax on local consumption
such as a destination-based VAT is e¢ cient when countries are too small to
a¤ect world prices (Lockwood [12]). Hau�er and P�üger [8] investigate the
di¤erence between a destination-based and an origin-based VAT in several
settings of international duopoly and �nd that only the former is e¢ cient
when competition between countries is imperfect. Despite the vast literature
on di¤erent forms of VATs, an origin-based VAT has not been analyzed in
models of tax competition where public services are provided to �rms. To
the best of our knowledge, our work is the �rst to examine this issue.
In the next two sections, we present the model and discuss some well-

known results on capital taxation. Then we derive the equilibrium under a
production tax (section 4). Section 5 compares the performance of a capital
tax and a production tax. In section 6 we consider alternative tax instruments
such as input taxes and analyze them in our model. Section 7 concludes.
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2 The Model

Our model follows the ZM [32] framework.1 A federation or union consists
of N jurisdictions, each with the same number of residents who are immobile
across jurisdictions. All residents have identical preferences and endowments.
Individuals work where they live, provide a �xed amount of labor, and obtain
utility from consumption of an aggregate composite good. The labor supply
of each jurisdiction, L; is therefore �xed.2 People own an equal share of
the union�s capital stock K which is �xed in total supply. Since capital is
perfectly mobile across jurisdictions, the after-tax rate of return to capital,
r, is the same in every jurisdiction.
Each jurisdiction produces a single consumption good, X; with a technol-

ogy characterized by constant returns to scale (CRS) in two private inputs
and one public input. Labor and capital are the private inputs in the pro-
duction of X. In addition, the local government provides a fully congestible
business public service B that is used directly in the production of the con-
sumption good X: We assume throughout the paper that the production
function is strictly concave in capital and the public service. The consump-
tion good is assumed to be tradable and is taken as the numeraire.The
government can costlessly transform the consumption good into the public
service, so its unit cost is also equal to 1:3 We assume that the number of
�rms is �xed in each jurisdiction (or equivalently there is a single representa-
tive �rm) and focus therefore on the aggregate production function in each
jurisdiction given by4

X = F (L;K;B) (1)

1See also Wilson [27]. For review of the general tax competition literature, see Wilson
[28], Wilson and Wildasin [29], and Zodrow [30], [31].

2The �xed factor can also be thought of as a combination of labor and land, as assumed
in Zodrow and Mieszkowski (ZM) [32].

3We follow most of the literature in assuming constant marginal costs for the public
service (Oates and Schwab [21], [22], Sinn [24], Bayindir-Upmann [2], Keen and Marc-
hand [11], Richter [23], and Matsumoto [14]). Two alternative approaches, which Matso-
moto [14] points out are equivalent, would be to assume either an imperfectly congestible
public input and a constant marginal cost of producing that public input, or a perfectly
congestible public input (i.e., our publicly provided private service) and decreasing mar-
ginal costs of producing the public service.

4See e.g. Zodrow and Mieszkowski [32], Bayindir-Upmann [2], Keen and Marchand [11],
Dhillon et al. [4] for the same assumption.
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where

F (0; 0; 0) = 0 (2)

FL > 0; FK > 0; FB > 0; (3)

FKB > 0; FKL > 0; FBL > 0; Fii < 0: (4)

for i = L;K;B:5 For a given L > 0, the second-order-derivative matrix of
F (K;B) is assumed to be negative de�nite for (K;B) > 0.6

We consider two tax scenarios. Under the capital tax scenario, all jurisdic-
tions must use a tax on capital (�) to �nance provision of the business public
service. Thus each jurisdiction is subject to a balanced budget constraint,

�K = B: (5)

Under the alternative production tax scenario, all jurisdictions must use a
production tax (t) to �nance their business public services

tX = B: (6)

In both cases, we assume that the local taxing jurisdiction is a small open
economy, with local governments choosing the various tax instruments avail-
able to maximize the income of their immobile residents, taking as given the
policies of all competing jurisdictions, the union-wide return on capital, and
the price of the tradable composite consumption good. Under the capital
tax scenario, the total income of residents ICT equals the sum of their capi-
tal income from union-wide investment and �rm value added (labour income
plus pro�t from local �rms7).

ICT = rK=N + [F (L;K;B)� (r + �)K]: (7)

The amount of capital in a jurisdiction is determined by �rms�pro�t maxi-
mizing behavior, taking the level of public services and various taxes in the

5As in the majority of the literature, we assume complementarity between capital and
the public service (but not �xed proportions), as we assume a strictly positive cross-
derivative between capital and the public service in the production function (e.g., Zodrow
and Mieszkowski [32], Bayindir-Upmann [2], Keen and Marchand [11], Feehan and Mat-
sumoto [5], Matsumoto [14], [15], [13], and Dhillon et al. [4]).

6Negative de�niteness implies strict concavity of F (K;B) :
7There is a possibility for local �rms to make pro�ts if the public service is provided

to them and they do not bear the full cost of the public service.
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jurisdiction as given. Under the production tax scenario, total income of resi-
dents IPT equals the sum of their capital income from union-wide investment
and total net local production minus capital production costs

IPT = rK=N + [(1� t)F (L;K;B)� rK]: (8)

Note that our analysis is short run in the sense that it is possible that
perfectly competitive �rms will make positive economic pro�ts as they do
not have to pay for B directly, e.g., in the form of user charges.

2.1 E¢ ciency

Given that B is a publicly provided private good, it is optimal to charge user
fees. Since labor supply is �xed we suppress L in the following mathematical
exposition. With user fees and �xed L, �rms maximize pro�t by

max
B;K

F (K;B)�B � rK:

The �rms�pro�t maximizing conditions are

FK (K;B) = r (9)

FB (K;B) = 1: (10)

These conditions are necessary and su¢ cient to determine a unique optimum
since F (K;B) is assumed to be strictly concave. Note that assuming increas-
ing returns to scale in (K;B) would rule out the existence of an interior solu-
tion even in the case of user charges, and assuming CRS in (K;B) would not
lead to a unique interior solution. Thus, in order to get a solution in which
the e¢ cient amount of the public service is uniquely determined by FB = 1;
we must assume that the production function is at least locally strictly con-
cave in (K;B) for all (K;B) >> (K;B) for some 1 >> (K;B) � 0: See
Dhillon et al. [4].

3 Capital Tax

Capital taxes have been analyzed in the ZM framework by many authors.8

We repeat the analysis here in order to compare the results with the capital

8For a detailed literature review see Gugl and Zodrow [7].
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tax to those with a production tax. Suppose that local governments impose
a tax on capital at rate � . In this case, total resident income is

ICT = rK=N + [F (K; �K)� (r + �)K]: (11)

In calculating its optimal level of taxation, the local government must predict
how the demand for capital in the jurisdiction changes as the tax rate � is
increased, assuming that other jurisdictions do not respond. Di¤erentiating
(5) and (9) with respect to K and � yields the response of capital to an
increase in the capital tax

� � �dK
d�

= � 1� FKBK
FKK + FKB�

: (12)

To determine the sign of �, note that

Property 1 A proportional increase in B and K will cause FK and FB,
respectively to decrease, i.e. BFBK +KFKK < 0; KFBK +BFBB < 0:9

This follows from our assumption that the Hessian of F (K;B) is negative
de�nite and from CRS in production of the consumption good.

Lemma 1 The denominator of �; given by FKK + FKB� ; is negative.

The proof of Lemma 1, given in the appendix, depends only on property
1 and the assumption of budget balance. Lemma 1 coincides with ZM�s
stability assumption ( [32], equation 17) and Dhillon et al. [4] show that
this assumption is a necessary condition for the existence of a capital tax
equilibrium. Given this condition, the perceived change in capital in response
to an increase in � depends on the sign of (1� FKBK) : This expression
measures from the �rms�perspective the net impact of an increase in the
capital tax rate, re�ecting the cost of an increase in the marginal cost of
capital, given by 1, and the bene�t of the associated increase in B on the
marginal productivity of capital, given by FKBK. If the marginal cost and
marginal bene�t from the �rm�s perspective are not equal, �rms will lower
their demand for capital if 1 > FKBK; and increase it if 1 < FKBK:

9Property 1 would also hold if F (L;K;B) is homothetic in (K;B) instead of assuming
CRS in all factors.
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With local jurisdictions choosing � to maximize the income of their resi-
dents (11), the �rst order condition is

K (FB � 1)� FB�� = 0 (13)

and the optimal level of capital taxation is determined by

� = K
FB � 1
FB�

: (14)

For any interior solution with � > 0; overprovision or underprovision of the
public service is determined by the sign of �: If � > 0; then FB > 1 and the
equilibrium is characterized by underprovision of business public services,
as in the case of public services provided to residents analyzed by ZM. In
contrast, if � < 0; then FB < 1 and overprovision results: Note that from
condition (13) � = 0 is also a possibility, which implies FB = 1 and e¢ cient
provision of business public services.

Consider next a property that characterizes some production functions:

Property 2 The capital elasticity of the marginal productivity of the public
service is smaller than 1, or equivalently FB is an increasing and strictly
concave function in K

"K;FB =
KFBK
FB

< 1: (15)

As shown in the appendix, Property 2 is crucial in allowing us to prove:

Proposition 1 Given properties 1 and 2, an interior solution with capital
tax � > 0 has the following properties: (1) FB > 1; that is, the business
public service is underprovided, and (2) � > 0; that is, each jurisdiction
expects to drive out capital if it increases � . However, if property 2 is
not satis�ed, the capital tax equilibrium can lead to over-, e¢ cient, or
under-provision of the business public service.

This result can be related to the existing literature on the e¢ cient provi-
sion of business public services. Matsumoto [13] notes (p.471): �If the number
of �rms is constant in each jurisdiction (normalized to one), [...] [FB] may
be below one because the sign of [FB �KFKB] is indeterminate under linear
homogeneity with respect to all inputs. This argument corresponds to the
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Noiset [20] result of potential overprovision in the [ZM] model where the vari-
ability of the number of �rms is not explicitly considered.�Dhillon et al. [4]
construct a model with two production inputs (capital and public services
only), and assume Lemma 1 as do ZM in their paper. They develop alterna-
tive conditions that guarantee existence of a unique interior solution to the
optimal capital tax, and then show that over-, e¢ cient, or underprovision of
the public service can occur depending on whether the production function
is only locally or globally strictly concave in (K;B). In the next section we
introduce the concept of log (sub/super) modular production functions and
show that both log submodularity and log modularity of F (K;B) together
with strict concavity in (K;B) satisfy property 2.10

4 Production Tax

Consider next the production tax scenario, in which case the government
budget constraint is

tF (K;B) = B: (16)

Since �rms receive the consumer price minus the tax for each unit of the
consumption good sold, the income of residents is now given by (8) and the
pro�t maximizing condition for capital is

(1� t)FK (K;B) = r: (17)

In order to �nd the optimal production tax, we �rst need to evaluate the
impact of capital and the production tax on the amount of the public service,
B. Implicit di¤erentiation of (16) yields

@B

@K
=

tFK
(1� tFB)

;

10Matsumoto [13] also notes that property 2 holds in the case in which F (L;K;B) is
linearly homogeneous in (L;K): In this case

F = FLL+ FKK

taking the derivative with respect to B

FB = FBLL+ FBKK

and given Fij > 0; implies FB > KFKB :
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and
@B

@t
=

F

(1� tFB)
:

Using (17) and the balanced budget constraint, the local government per-
ceives an e¤ect of an increase in t on the capital stock given by

dK

dt
=

FK � (1� t)FKB @B@t
(1� t)

�
FKK + FKB

@B
@K

�
=

FK (1� FBt)� FKBF (1� t)
(1� t) (FKK (1� FBt) + FKBFKt)

;

where, as shown in the appendix, the denominator is unambiguously neg-
ative.11 The marginal revenue of capital changes with an increase in the
production tax in two ways: marginal productivity of capital goes up as the
level of public service increases, but the higher tax rate reduces marginal
revenue compared to the marginal revenue without the tax increase. The
increase in marginal revenue is given by (1� t)FKB @B@t and the decrease due
to the tax increase is given by �FK : Which of the two e¤ects is larger in
absolute value determines whether local jurisdictions perceive an out�ow or
in�ow of capital.
The �rst order condition for the optimal production tax rate, found by

maximizing (8) with respect to t; is 12

FKt (FKBF � FBFK)� FKKF (FB � 1) = 0: (18)

or

t =
K(�FKK)(1� FB)
FBFK("K;FB � "K)

; (19)

where "K;FB = FBKK=FB is the capital elasticity of the marginal productivity
of the public service, and "K = FKK=F is the capital elasticity of production
of the consumption good. With a positive production tax rate, underprovi-
sion (overprovision) of business public services occurs if "KB < (>)"K : The
relative magnitudes of these two elasticities are determined by whether the
production function can be characterized as log submodular or log supermod-
ular in (K;B). As shown in Smith [25] , the production function F (K;B) is

11As in the case of � in the derivation in section 3.1, this result does not require property
2.
12The derivation of the �rst order condition is found in the appendix.
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log submodular in (K;B) if and only if

logF (K;B) + logF (K 0; B0) < logF (K 0; B) + logF (K;B0)

for all K 0 > K and B0 > B,while log supermodularity holds if the inequal-
ity is reversed. Intuitively, log supermodularity implies that an increase in
the capital stock of a given size leads to a proportionately larger increase in
output if the level of public services also increases. Analogously, log submod-
ularity implies that an increase in the capital stock of a given size leads to
a proportionally smaller increase in output if the level of public services also
increases. In the appendix we show that for a twice di¤erentiable function,
log submodularity implies FKBF � FBFK < 0 or "K;FB < "K , and log su-
permodularity implies FKBF � FBFK > 0 or "K;FB > "K : In the knife-edge
case of log modularity

logF (K;B) + logF (K 0; B0) = logF (K 0; B) + logF (K;B0)

for allK 0 > K and B0 > B; the corresponding conditions are FKBF = FBFK ,
and "K;FB = "K : These results imply

Proposition 2 A production tax is ine¢ cient whenever the production func-
tion is log sub- or log supermodular in capital and the public service.
Log submodularity (supermodularity) leads to underprovision (overpro-
vision) of public services to �rms. When a production function is log
modular, a production tax is e¢ cient.

Note that Proposition 2 does not depend on property 2. However,
there is a relationship between log (sub)modularity and property 2. In
particular,

Lemma 2 If F (K;B) is log (sub) modular and strictly concave in (K;B) ;
then property 2 holds.

The proof is provided in the appendix.
Note that the converse of Lemma 2 is not true; even if property 2 holds,

no restriction is imposed on the log modularity property of F (K;B).
Lemma 2 provides the starting point for our comparison between the

welfare e¤ects of a production tax and a capital tax. We provide this analysis
in the next subsection.
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5 Comparative Performance of the Capital
Tax and the Production Tax

Suppose the production function is log submodular and hence property 2
holds, so that both the optimal capital tax and the optimal production tax
result in underprovision. In this case, we can unambiguously rank the two
tax scenarios in terms of relative e¢ ciency, as shown in

Proposition 3 Suppose that the production function is log submodular in
(K;B) ; and that interior solutions to both the optimal capital tax and
the optimal production tax problems exist. Under these conditions, the
production tax is unambiguously more e¢ cient than the capital tax.

Proof Suppose the level of public services is the same under both tax regimes.
That is,

tF = �K = B; (20)

in which case total output is the same in all jurisdictions (given sym-
metry and a �xed national aggregate capital stock) and thus all deriv-
atives are also identical. Multiplying the �rst order condition for each
tax regime by its respective tax yields

� (FKBB � FB�)� FKKB (FB � 1) = 0 (21)

FKt (FKBB � FBFKt)� FKKB(FB � 1) = 0: (22)

Since both regimes lead to underprovision of public services,�FKKB(FB�
1) > 0; and therefore the �rst terms in both (21) and (22) must be neg-
ative. We need to show that, given the optimal level of the public
service under the capital tax equilibrium, the taxing jurisdiction would
want to increase the production tax on a revenue neutral basis, which
occurs if the �rst term in (22) is less negative than the �rst term in
(21).13

FKt < �:

Substituting from (20) this occurs if

FK
�K

F
< �

FKK < F

13Recall that in order to obtain (22) we multiplied with two negative terms.
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which is the case since F > FKK.

Note that this proof is valid even if there are multiple candidates for the
optimal tax rates. The provision rule under each tax regime indicates how
a jurisdiction should choose the optimal tax rate, given K. In the case in
which the rule does not provide a unique tax rate, jurisdictions will choose
the tax rate from all the candidates provided by the provision rule that leads
to the highest residents�income, given K. Residents�income as a function
of the public service level, which is calculated from the tax rate and, given
K; is well-behaved and strictly concave in the public service level with its
maximum at the e¢ cient provision level of the public service. That is, the
candidates for the optimal � are chosen from

(FKBB � FB�)� FKKK (FB � 1) = 0;

which, after multiplying both sides by K; yields

(FKBBK � FBB)� FKKK2 (FB � 1) = 0;

and gives us the candidates for the optimal B as a function of given K: The
objective function in the case of capital taxation can be written as

ICT (B) = rK=N + [F (K;B)�B � rK];

where the B argument indicates that the objective function is evaluated for
a given value of K; and B is selected from the candidates for the optimal
capital tax. Hence the tax rates that we are evaluating are all associated
with the same K: Then

@I(B)

@B
= FB � 1

@2I (B)

@B2
= FBB < 0:

Hence the function ICT (B) is strictly concave in B; and in Proposition 3
we pick the � that gives us the highest value for ICT (B) among all the � 0s
satisfying the optimality condition (21) :
Similarly, the objective function in case of taxation of production can be

written as
IPT (t;K) = rK=N + [(1� t)F (K;B)� rK];
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where we can calculate from the optimality condition for the production tax
(22) ; given K; the corresponding B by using tF = B: That is, we can rewrite
22 by multiplying the equation by F

t
to obtain

FKB (FKBF � FBFK)� FKKF 2 (FB � 1) = 0:

From this equation, we can �nd the candidates of the optimal B; as a function
of K and hence for given K

IPT (B) = rK=N + [F (K;B)�B � rK]

@I(B)

@B
= FB � 1

@2I (B)

@B2
= FBB < 0:

Hence the function I(B) is strictly concave in B; and in Proposition 3 we pick
the B that gives us the highest value for IPT (B) among all the B0s satisfying
the optimality condition (22) : However, this B and its corresponding tax rate
will not maximize the function IPT (B) in the case of log submodularity of the
production function, as we know that both tax regimes lead to underprovision
of the business public service since the taxing jurisdiction anticipates an
out�ow of capital in response to the imposition of the tax.
To compare the levels of underprovision under a capital tax and a pro-

duction tax when the production function is log submodular, we can assume
the jurisdiction has adopted the optimal capital tax and the corresponding
level of public service, and then examine whether the jurisdiction would �nd
it desirable to increase the level of public service provision using a production
tax. We �nd that this is the case.
What is the interpretation of this result? It is true that by �nding that

the jurisdiction would increase the production tax at this point, we could
be moving toward a suboptimal production tax rate. However, given the
assumption that we have an interior solution under both tax regimes, the
optimal production tax must be larger than any suboptimal production tax
rate, so that switching to a production tax equilibrium increases the level
of public service provided and results in less underprovision and thus less
ine¢ ciency than under the capital tax equilibrium.
Our results thus far validate the conjecture that a broad-based tax on

local production is more e¢ cient than a tax on capital in the case of log
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(sub)modular production functions. However, there is no analog to Proposi-
tion 3 in the case of log supermodular production functions, although there
are prominent examples of such functions. In fact, the family of CES produc-
tion functions includes examples of all three properties, depending on whether
the elasticity of substitution between capital and public services/labor is
greater than, equal to or smaller than one. In Gugl and Zodrow [7], we
examine more closely this class of production functions in the context of
tax competition in the provision of business public services and the relative
e¢ ciency of capital taxation and production taxation.

6 Extensions

In a recent paper, Matsumoto and Sugahara [17] consider a uniform input
tax and �nd that such a tax can be e¢ cient. In their model F (L;K;B)
is assumed to be CRS in (L;K) : Here we analyze such a uniform tax �
on inputs in our model where F (L;K;B) is CRS in (L;K;B) and compare
it to the performance of the tax on output. The budget constraint of the
jurisdiction is

� (rK + wL) = B: (23)

The objective function of a jurisdiction is

IiT = rK=N + [F (K; � (rK + wL))� ((1 + �) rK + �wL)]

and the pro�t maximizing conditions for labor and capital, respectively of
the representative �rm are

FL (K;B) = (1 + �)w (24)

FK (K;B) = (1 + �) r: (25)

Since labor is �xed, the wage rate will always lead to a demand of labour by
the �rm so that it equals the �xed labour supply. This means that w will
adjust with a change in the tax rate and this adjustment is taken into account
by the local jurisdiction in determining the reaction of capital to an increase
in �: Substituting for B = � (rK + wL) in (24) and (25)and di¤erentiating
both equations with respect to w;K; and � and applying Crammer�s rule we
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�nd

dK

d�
=

wFKB�L� FLB�Lr + (1 + �) (r � FKB (rK + wL))

D
(26)

dw

d�
=

1

D
[r (FLK + FLB�r) + (rK + wL) (FKKFLB � FKBFLK)]

�w(FKK + FKB�r)
D

(27)

where

D = (FLK + FLB�r)FKB�L� (FLB�L� (1 + �)) (FKK + FKB�r)
= FLKFKB�L� FLB�LFKK + (1 + �) (FKK + FKB�r) :

Provided D 6= 0; the �rst order condition for the local jurisdiction to set the
uniform tax on inputs is

FK
dK

d�
+FB

�
rK + wL+ �r

dK

d�
+ �L

dL

d�

�
�
�
rK + wL+ �L

dw

d�

�
�(1 + �) rdK

d�
= 0:

By (25) the �rst term and last term cancel each other out. Hence

FB

�
rK + wL+ �r

dK

d�
+ �L

dw

d�

�
�
�
rK + wL+ �L

dw

d�

�
= 0: (28)

Proposition 4 The input tax leads to e¢ ciency if there is no perceived re-
action of capital to an increase in the uniform input tax.

Comparing the two terms in parantheses in (28) we need

�r
dK

d�
+ �L

dw

d�
= �L

dw

d�

for
FB = 1:

Hence we must have
dK

d�
= 0:

In what follows we examine the case of a Cobb-Douglas production function.
We know that the tax on output leads to e¢ ciency because the Cobb-Douglas
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production function is log modular. Matsumoto and Sugahara [17] use a dif-
ferent model and �nd that a uniform tax on private inputs is e¢ cient if
the production function takes the Cobb-Douglas form and is CRS in private
goods only. In this section, we show that, for a model similar to that con-
structed by Matsumoto and Sugahara, their e¢ ciency result no longer holds
when the CD production function is CRS in all inputs.
Let the production function be given by

F (L;K;B) = L1����K�B� (29)

Analyzing the conditions necessary to lead to e¢ ciency in the Cobb-Douglas
case given CRS in all inputs, we �nd that the uniform tax on inputs is not
e¢ cient.
In the appendix we prove that the denominator in (26) and (27) is non-

zero evaluated at FB = 1 for many parameter constellations if the production
function is of the Cobb-Douglas type. If � � � the denominator is unambigu-
ously negative. Using the functional form given in (29) the perceived reaction
of capital as the uniform tax on input increases evaluated at FB = � FB = 1
is given by

dK

d�
=

h
�r ((1� �� �)� + (1 + �)�� (1 + �))�

�
�

1����
F
K

�i
D

: (30)

We would need
dK

d�
= 0

By the pro�t maximization of �rms with respect to K; we must have � F
K
=

(1 + �) r: Then

dK

d�
=
�r [((1� �� �)� + (1 + �)�) (1� �� �) + (1 + �) (�+ �)]

D (1� �� �)

So the numerator of dK
d�
is negative when evaluated at FB = 1: Hence

dK

d�
6= 0:

This proves that a uniform tax on inputs in the case of a Cobb-Douglas
function is not e¢ cient for many parameter constellations. It leads the local
jurisdiction to believe that a uniform rate increase at FB = 1 would lead to
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a change in capital so that the public service is not provided e¢ ciently in
equilibrium.
We conclude that Matsumoto and Sugahara�s central result �that with a

CD production function a uniform tax on inputs is e¢ cient �does not carry
over to the case in which the production function is CRS in all inputs.

7 Conclusions

Can a production tax, such as an origin-based value-added tax, approximate
a bene�t tax for public services provided to businesses, as suggested by Bird
and others? And how does a source-based capital tax such as the property
tax compare to a production tax as a proxy for a bene�t tax? Using the
Zodrow-Mieszkowski [32] model of interjurisdictional tax competition, we
�nd that a production tax more closely approximates a bene�t tax than does
a capital tax in many instances. In particular, although a production tax
is strictly e¢ cient only when the production function is log modular in the
public service and capital, it is less ine¢ cient than a capital tax in the case
of log submodular production technologies.
Our results may have some interesting implications for some potential

reforms of state/provincial tax systems. In 2010, moving from a retail sales
tax that was known to tax business inputs (due to problems in its adminis-
tration) to a pure consumption tax in British Columbia spurred �erce oppo-
sition. While some of that opposition was sparked by the way the HST was
introduced by the provincial government, critics of the HST also emphasized
its shift away from "taxing business." The opposition was so forceful that
continuation of the HST was the subject of a mail-in referendum, in which
a majority of voters opposed the HST. As a result, British Columbia had to
make the painful transition to re-establishing its provincial retail sales tax.
Our analysis suggests that a production tax may be a viable business tax

alternative to the provincial retail sales tax, which is typically characterized
by the taxation of business inputs similar to that which occurs under our
capital tax. By comparison, at least under certain circumstances in our
admittedly highly stylized model, a production tax is less distortionary than
the capital tax portion of a retail sales tax.
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8 Appendix

8.1 Proof of Lemma 1

We show that
FKK + FKB� < 0: (31)

Multiply (31) by K to obtain

FKKK + FKB�K:

Budget balance implies
�K = B:

Hence
FKKK + FKB�K � FKKK + FKBB:

By property 1 FKKK + FKBB < 0;hence FKK + FKB� < 0:

8.2 Proof of Proposition 1

Substituting for � in (14) yields

� =
KFKK (1� FB)
FB �KFBK

:

Note KFKK < 0: Then � > 0 if and only if

case 1: 1� FB < 0 and FB �KFKB > 0;
case 2: 1� FB > 0 and FB �KFKB < 0:

By property 2, FB > KFKB. This means we are in case 1, and FB > 1:
Moreover by (14)

FB =
K

K � ��;

which implies that � > 0, concluding the proof.
Note that in the case in which taxes on residents or �rms are imposed at

an ine¢ ciently low level, such that

�K = B;

the same logic applies. Thus proposition 1 holds also if jurisdictions rely to
some extent on these other taxes.
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Without property 2, case 2 is possible. From condition (13) it is also
possible that FB = 1; and � = 0: In this case the optimal � is found by
solving

FB = 1:

8.3 Denominator of dKdt is negative

From (16) we know that B = tF: We need to sign

(FKK (1� FBt) + FKBFKt)

=
1

F
(FKK (F � FBtF ) + FKBFKtF )

=
1

F
(FKK (F � FBB) + FKBBFK)

=
1

FK
(FKKK (F � FBB) + FKBBFKK) :

By property 1, �FKKK > FKBB: Strict concavity of F (K;B) implies
F (L;K;B) > FBB+FKK and hence F�FBB > FKK: Thus (FKK (1� FBt) + FKBFKt) <
0:

8.4 Proof of Proposition 2

When the government chooses t to maximize the income of residents, the
FOC is

�F +(1� t)FB
F

1� FBt
+

�
FB

FKt

1� FBt

�
FK (1� FBt)� FKBF (1� t)
(FKK (1� FBt) + FKBFKt)

= 0:

(32)
We now investigate the conditions for an interior solution with 1 > t > 0:
Note that (1� FBt) > 0; so we can multiply both sides of (32) by this term.14
After collecting terms

F (FB � 1) + FBFKt
FK (1� FBt)� FKBF (1� t)
(FKK (1� FBt) + FKBFKt)

= 0: (33)

Note that an interior solution must have the following properties: If there is
underprovision of public services, i.e. FB > 1; then the second term must

14FBt = FB
B
F : Since FBB < F; (1� FBt) > 0:
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be negative and hence dK
dt
< 0: If there is overprovision, i.e. FB < 1; then

the second term must be positive and hence dK
dt
> 0: If t is e¢ cient, dK

dt
= 0:

At this point we cannot exclude any of these possibilities. The denominator
of dK

dt
is negative, hence we can multiply both sides of (33) by this term to

obtain

F (FB � 1) (FKK (1� FBt) + FKBFKt) + FBFKt (FK (1� FBt)� FKBF (1� t)) = 0

(FKKF (FB � 1) + FBFKFKt) (1� FBt) + FKBFKtF (FB � 1)� FKBFBFKtF (1� t) = 0

(tFB � 1) (FKt (FKBF � FBFK)� FKKF (FB � 1)) = 0:

Multiplying both sides with tFB � 1 < 0 yields

FKt (FKBF � FBFK)� FKKF (FB � 1) = 0:

8.4.1 Log Super- and Log Submodularity

In this section we show that the property of log supermodularity implies
FKBF � FBFK > 0; the property of log submodularity implies FKBF �
FBFK < 0; and the knife edge�s case of log modularity (which falls between
log super- and log submodularity) implies FKBF � FBFK = 0:
F (L;K;B) is log supermodular if and only if

F (L;K;B)F (L;K 0; B0) > F (L;K 0; B)F (L;K;B0) (34)

for all K 0 > K and B0 > B: Checking for log supermodularity using di¤er-
entiation

@F (L;K;B0)

@K

1

F (L;K;B0)
>
@F (L;K;B)

@K

1

F (L;K;B)
(35)

if and only if B0 > B:15 With F (�) increasing, a necessary condition for this
inequality to hold is @F (L;K;B)

@K@B
> 0. For su¢ ciency, the output elasticity of K

must be increasing with the increase in B as (35) can be written as

@F (L;K;B0)

@K

K

F (L;K;B0)
>
@F (L;K;B)

@K

K

F (L;K;B)
:

Let � (L;K;B) = @F (L;K;B)
@K

1
F (L;K;B)

. Then if F (L;K;B) is log supermodular,
� (L;K;B) must be increasing in B: Thus take derivative wrt B of � (K;B):

@�

@B
=
1

F
FKB � FK

FB
F 2

> 0:

15See, e.g., Smith [25].
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This inequality can be rewritten

FKBF � FKFB > 0:

Therefore the e¢ ciency condition under a production tax depends on whether
F (L;K;B) is log supermodular or log submodular in (K;B). Log submod-
ularity corresponds to underprovision, log supermodularity to overprovision,
and the knife-edge case of log modularity corresponds to e¢ ciency.

8.5 Proof of Lemma 2

Log (sub) modularity requires

FKBF � FKFB � 0:

Rearranging and multiplying by K

FKBK

FB
� FKK

F
:

By strict concavity of F in (K;B)

FKK < F:

Hence
FKBK

FB
< 1:

Rearranging yields the desired result

FB � FKBK > 0:

8.6 Proof that D in section 6 is negative

In general,

D = FLKFKB�L� FLB�LFKK + (1 + �) (FKK + FKB�r) :
In the special case of the Cobb-Douglas production function

D = (1� �� �)� F
LK

��
F

BK
�L� (1� �� �) � F

LB
�L (�� 1)� F

KK

+(1 + �)

�
(�� 1)� F

KK
+ ��

F

BK
�r

�
:
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Dividing by � F
K

KD

�F
= (1� �� �)�� F

BK
� � (1� �� �) � F

BK
� (�� 1)

+ (1 + �)

�
(�� 1) 1

K
+ �

1

B
�r

�
:

Simplifying

KD

�F
= (1� �� �) � F

BK
� + (1 + �) (�� 1) 1

K
+ �

1

B
� (1 + �) r:

Since

FK = �
F

K
= (1 + �) r

KD

�F
= (1� �) � F

BK
� + (1 + �) (�� 1) 1

K
:

At

FB = �
F

B
= 1

KD

�F
=

(1� �)� + (�� 1) + � (�� 1)
K

=
(�� 1) + �(�� �)

K
:

Note that this leads to a positive or negative sign for many parameter con-
stellations. It is necessarily negative with � � �:
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